We define generalizations of the Albanese variety for a projective variety X.
Introduction
The Shafarevich conjecture states that the universal coverX of a projective variety X is holomorphically convex. This means that there exists a proper surjectionX → Y to a Stein space. This implies (see [13] ) the existence of a morphism sh X : X → Sh(X) with connected fibers with the property that a curve C in X is contracted by sh X , iff the image of π 1 (C) in π 1 (X) is finite. The Shafarevich variety is the quotient of the Stein space Y by the fundamental group π 1 (X) of X. The Shafarevich conjecture is very hard to tackle in terms of algebraic geometry because the holomorphic mapX → X is not a regular morphism of algebraic varieties unless the fundamental group of X is finite. It is, however, possible to deal with the problem of finding the morphism sh X . A first version of such a morphism was given by Kollár in [13] . For Kähler manifolds, Campana constructs [4] a generic version of the Shafarevich morphism. Katzarkov (see [11] and [12] ) describes a representation description of sh X , for one representation π 1 (X) → GL(r). We offer a different approach to such a description for all representations by considering generalized Albanese varieties. Two constructions for the Albanese variety exist. One construction (2.1) uses global holomorphic one forms while another (2.2) defines the Albanese variety as the dual of the Picard torus. The intermediate Jacobians are a generalization of the first construction.
Here we try to show how to generalize the second construction. In the sense of Kollár [13] , where the Albanese variety can be see as the abelian or C * -version of the Shafarevich morphism, we intend to give a U(r)-version of the Shafarevich morphism that is a map alb r (X) : X → Alb r (X) having connected fibers, such that an irreducible curve C in X is contracted under alb r (X), iff the image of the composition Hom(π 1 (X), U(r)) → Hom(π 1 (C), U(r)) has finite image up to conjugation. If the image of π 1 (C) in π 1 (X) is finite, then C is contracted by the generalized Albanese morphisms. Therefore the generalized Albanese morphisms would factor over the Shafarevich morphism. In section 2 we review the constructions and some properties of the Albanese variety. The construction of the generalized Albanese morphism is first presented under two simplifying assumptions in 3.1, and then in a full generalization in section 3.2. The main result is the existence of a rational map X albr / / _ _ _ Alb r (X) with the above property. The result of the generalized Theta divisor (3.11) will be proved in the fourth section. In the fifth section we go over the construction for the case of a projective algebraic surface X. Here we are able to deduce the existence of regular morphisms X albr / / Alb r (X) for all integers r ≥ 1. In the last section we give an example of a surface with a classical Albanese variety of dimension one, and generalized Albanese varieties of dimension two. Thus, this example shows that the generalized Albanese morphism may "reveal" more than the classical Albanese morphism does.
Since we need the restriction of (semi)stable vector bundles to curves, we have to use the concept of Mumford or µ-stability for vector bundles.
2 Two constructions for the Albanese variety 2.1 The classical construction for the Albanese variety. Here we assume that X is a connected Kähler manifold. We define the Albanese variety Alb(X) to be the quotient
If we choose a point x 0 ∈ X(C), then we can define the Albanese morphism alb X : X → Alb(X) by x → γx where γ x is a path connecting x 0 with x.
2.2
The Pic 0 (Pic 0 )-description of Alb(X). Let X be a smooth variety over an algebraically closed field k. We consider the Picard torus Pic 0 (X), i.e., the component of Pic(X) containing O X . Furthermore, we consider a Poincaré bundle L on X × Pic 0 (X). This bundle is not unique. To normalize it we choose a point x 0 ∈ X(k). If we require that L| {x 0 }×Pic 0 (X) ∼ = O Pic 0 (X) , then the Poincaré bundle L is uniquely determined. If we consider L as a family of line bundles on Pic 0 (X) parametrized by X, then we obtain a morphism from X to the Picard torus of Pic 0 (X):
alb X : X → Pic 0 (Pic 0 (X)) =: Alb(X) .
2.3
Both constructions coincide for smooth varieties over Spec(C). The use of the same notations in the above constructions is justified, because both coincide for a smooth projective variety over Spec(C). This follows from the universal property of the Albanese variety and the duality between the Albanese variety and the Picard torus (cf. [9] ). The following proposition describes the fibers of the Albanese morphism. Since it uses both descriptions (2.1 and 2.2), we have to assume that X/Spec(C) is a smooth projective variety.
2.4 Proposition. (Description of the fibers of the Albanese morphisms alb X : X → Alb(X), for a projective complex manifold X (cf. II.6 in [9] ).) If ι : Z → X is a connected cycle in X, then the following conditions are equivalent: (i) Z is contained in a fiber of the morphism alb X ;
(ii) The image of ι * :
be a representation of the fundamental group. Then the restriction ρ| π 1 (Z) has finite a image;
(v) If L is a line bundle on X × S, then the pull back ι * L on Z × S is of the form L 1 ⊠ L 2 , for any noetherian scheme S.
3 Construction of generalized Albanese varieties 3.1 Sketch of the construction 3.1 Let (X, H) be a polarized projective variety over an algebraically closed field k. Furthermore, we fix an integer r ≥ 1 and classes c i ∈ H 2i (X, Z), for i = 1, . . . , r. In 3.4 we present a construction of the generalized Albanese variety. However, this presentation is simplified by the following two assumptions (3.2 and 3.3). Unfortunately, these assumptions do not hold unless r = 1 (see 3.5). The main part of this section explains how to avoid these two assumptions.
3.2 Assumption. There exists a fine moduli space M for semistable vector bundles E (more precisely coherent sheaves) on X of rank r with Chern classes c i (E) = c i , for i = 1, . . . , r.
Under this assumption, we deduce the existence of a universal bundle E on the product X × M. Just as in the case of the Poincaré bundle on the Picard torus, such a universal object E is not unique. However, suppose we have fixed one coherent universal sheaf E. of ψ. This way the generalized Albanese morphism alb r : X → Alb r (X) can be characterized by its fibers. As in the case of line bundles we would like to have (see 2.4 (v)) all the sheaves parametrized by M are pull backs of sheaves defined on Alb r (X). This wishful description tells us that to study the rank r vector bundles on X (with given Chern classes c i ) it is enough to study them on Alb r (X). Thus, the higher the fiber dimension of alb r , the more useful this morphism becomes.
How to choose the Chern classes c i ?
The generalized Albanese morphism is particularly interesting if dim(X) > dim(Alb r (X)). This can only be the case if all the Chern numbers X r i=1 c a i i vanish. There is one canonical choice for the Chern classes satisfying this condition, namely to set c i = 0, for i = 1, . . . , r. There might be other interesting choices for the c i which would require writing Alb r,c 1 ,...,cr (X). We content ourselves with the case where all Chern classes are numerically equal to zero. This choice implies that the moduli space is not empty, because the trivial bundle O ⊕r X has trivial Chern classes. Furthermore, its restriction to each curve in X is semistable.
On the one hand, this property of O ⊕r X is very useful, as we will see in the sequel. On the other hand, the big automorphism group of O ⊕r X excludes the existence of a fine moduli space. Consequently, we have to circumvent assumption 3.2.
The construction
3.6 How to circumvent assumption 3.2? Suppose there exists a smooth curve C in the moduli space M. More generally, we may assume there exists a map ι : C → M from the smooth projective curve C to M. The properness of the moduli space (see [14] ) guarantees the existence of the universal bundle E C which would be isomorphic to ι * E if the universal bundle E on M existed.
3.7
Remark. At first glance, it seems that by restricting our considerations to a curve C in M we lose some information. Surprisingly, this is not the case if we choose a "big" curve C. This holds because the moduli space of µ-semistable sheaves on a variety Y is embedded into the moduli space of µ-semistable sheaves on D when D is a sufficiently ample divisor on Y . Hence, by taking C to be the normalization of the intersection of dim(M) − 1 general divisors in a sufficiently ample system |D|, we find such a curve C.
Remark.
It is well known, that there exists an etale coverM of M, such that on X ×M a (quasi) universal family exists. The obstruction h for the existence of a universal object is a class in the Brauer group Br(M). Each curve C in M defines a restriction h C of h to Br(C). The existence of the pull back of the "virtual" universal family on X × C can be deduced from the fact that h C = 0 which follows from Tsen's theorem (see Arcata III.2 in [6] ).
3.9
The universal sheaf E C and its singularities. We consider the following mor-
We claim that the singular locus Z of the sheaf E C , i.e., the closed subset where E is no vector bundle, can be chosen to have a codimension of at least four. To prove this claim we simply remember that on the one hand most points of M parametrizes vector bundles.
Since C is the intersection of ample divisors on M, we may assume that the generic point of C parametrizes a bundle. On the other hand, let c ∈ C be a point which parametrizes a coherent sheaf E := E c which is not a vector bundle. If E had a singular locus Z of codimension two, then the cokernel of the embedding of E in its double dual would be supported on Z. This would imply that the discriminant H n−2 .
) is positive. This contradicts Bogomolov's theorem [3] , because E and consequently E ∨∨ are slope stable sheaves. Combining both facts proves the claim. Thus, we may assume that E C is a vector bundle when we compute the first chern classes of objects q ! (End(E C ) ⊗ p * F ) for coherent C-sheaves F .
3.10
The line bundle L. Next we define (in 4.1) the line bundle L to be the generalized Theta bundle on X for the family E C of C-vector bundles. As stated above, the possible singularities of E C can be ignored for dimensional reasons. Let q(Z) be the image of the singular locus of E in X. This set has codimension of at least three. In section 4 it is shown that up to this set the line bundle L is nef. To be precise we have the 3.11 Theorem. Let ι : Y → (X \ q(Z)) be a curve. Then the degree of the line bundle ι * L is non negative. Furthermore, if the degree of ι * L equals zero, then for all geometric points y 1 and y 2 of Y there exists an isomorphism E y 1 ∼ = E y 2 , and all the vector bundles on Y parametrized by C are S-equivalent.
Proof: The proof is basically done in section 4 (see 4.2, 4.4, and 4.5) . The only thing we need to check is that at least one point c of the curve C parametrizes a semistable bundle on Y . However, this follows easily from the fact that our moduli space M contains the point associated to the trivial vector bundle. Thus, the assumptions of corollary 4.4 are fulfilled.
3.12 The construction of the generalized Albanese morphism. If L (or some power of it) were base point free, then it would define a morphism ψ : X → P m . Let ϕ : X → Alb r be the Stein factorization of ψ, i.e., ϕ is surjective with connected fibers. By Theorem 3.11 the map ϕ would meet the requirements of a generalized Albanese variety. If no power of L is base point free, then the following nef reduction theorem provides us with an Albanese variety up to birational equivalence. In this case we obtain a birational model of the Albanese morphism and variety.
3.13 Theorem. (see Theorem 2.1 in [2] , see also [18] ) Let L be a nef line bundle on a normal projective variety X, then there exists a dominant rational map X
with connected fibers such that:
(1) The line bundle L is numerically trivial on all compact fibers F of alb r of dimension dim(X) − dim(Alb r (X)); (2) For every general point x ∈ X and every irreducible curve C passing through x with dim(alb r (C)) > 0, we have L.C > 0; (3) There exists compact fibers of alb r . Furthermore, the pair (alb r , Alb r (X)) is uniquely determined up to birational equivalence.
3.14 Remark. It should at least be noted that when our construction eluded assumption 3.2 assumption 3.3 was automatically made superfluous. 4 The generalized Theta bundle on moduli spaces 4.1 The generalized Theta divisor for vector bundles on a curve. Let E be a vector bundle of rank r on S × C, where C is smooth projective curve, and S a connected noetherian scheme. The projections are named as indicated:
Certainly, the reader has noticed that this line bundle O(Θ S ) is the 2 · gcd(r, d)th power of the generalized Theta bundle defined in [7] . However, it turns out that the above definition is more favorable for our purpose. Furthermore, we are only interested in the positivity of the bundle in question. By definition the Theta line bundle depends on L. This problem can be solved by fixing a base point either s 0 in S or c 0 in C. In the first case, take L to be the determinant of E s 0 , and in the later case set L := O C (c 0 ) ⊗d . Since we are only interested in numerical properties of Θ S , these details do not require any further discussion.
Proposition.
If S is a smooth projective curve, then the degrees of the generalized Theta divisors Θ S , and Θ C coincide.
Proof: First, let us fix the notation: By g C and g S we denote the genera of the curves. Let s ∈ S and c ∈ C be geometric points. By F p and F q we denote fibers p −1 (s) and q −1 (c), respectively. As usual, we write c 1 (E) and c 2 (E) for the Chern classes of E. The degrees d C and d S of E s and E c are the intersection numbers c 1 (E).F p and c 1 (E).F q , respectively. Next we compute the degree of Θ S . We do so by using the Hirzebruch-Grothendieck-Riemann-Roch theorem. Since we are interested in the degree of the Theta bundle only, we are allowed to write
Applying the definition of Θ S , the fact that F 2 q = 0, and the Hirzebruch-Grothendieck-Riemann-Roch theorem we obtain:
. Obviously, this formula is unchanged when interchanging C and S.
The following result of M. Popa ([17] ) will be used in the sequel. It uses the method of J. Le Potier ([16] ) to associate sections of the generalized Theta bundle to vector bundles. 
However, if we choose k > r 4 and F such that H * (E c 0 ⊗ F ) = 0, which is possible by the above result, then we obtain an effective divisor in the linear system |k · Θ S | not containing the point c 0 .
Lemma.
Let C and S be smooth projective curves. We suppose there exists a point c 0 ∈ C such that E c 0 is a semistable vector bundle on S, and the degree of Θ C is zero. Under these assumptions the vector bundles E P and E Q are isomorphic for all points P and Q of S. Proof: We show that given a point P ∈ S, for almost all points Q ∈ S we have an isomorphism between E P and E Q . From this statement, the assertion of the Lemma follows immediately. Take a vector bundle F P on S such that H * (S, F P ⊗ E c 0 ) = 0. Such a bundle exists because of Proposition 4.3. Now we consider a nontrivial extension F in Ext 1 (k(P ), F P )
The scheme P(F ) parametrizes surjections π : F → k(Q) from F to torsion sheaves of length one. The subset of P(F ) where H * (S, ker(π) ⊗ E c 0 ) = 0 is open and not empty because it contains π P . Thus, for a general point Q of S there exists a short exact sequence
Applying the functor R • q * (p * (−) ⊗ E) to the short exact sequences (S P ) and (S Q ), we obtain that q * (p * F ⊗ E) is isomorphic to E P and to E Q as well.
4.6
Remark. If the degree of Θ C equals zero, then this divisor is rationally equivalent to zero. Unfortunately, for Θ S we only know that its degree is zero. It can be shown (see [8] Theorem I.4 for the general case or Theorem 3.4 in [10] for a simplified version for the rank two case) that all the semistable vector bundles parametrized by C are S-equivalent. For the family of (not necessarily semistable) vector bundles parametrized by the curve S we find that they are isomorphic. Regarding a nontrivial extension of line bundles 5 The case of algebraic surfaces 5.1 We consider here the case of a polarized projective algebraic surface (X, H). In this case, we can make a much stronger statement than only theorem 3.13. The generalized Albanese morphism is well understood if X is not of general type (see 5.10). The rest of this section is devoted to the discussion and the proof of the 5.2 Theorem. Let (X, H) be a polarized projective surface. Then there exists a surjective morphism alb r : X → Alb r (X) with connected fibers, and an effective divisor D on X, such that for all morphisms ι : C → X of irreducible curves with ι(C) ⊂ D the following conditions are equivalent.
(1) alb r (ι(C)) is a point;
(2) The associated morphism Hom(π 1 (X), U(r)) ι * / / Hom(π 1 (C), U(r)) has finite image;
(3) For any base scheme S and any rank r vector bundle E on X × S such that for each s E s is semistable with numerically trivial Chern classes, the pull back of E to C × S is a family of S-equivalent vector bundles. The divisor D of exceptions can be taken to be the empty set when the dimension of Alb r (X) is less than two. If dim(Alb r (X) = 2, then the divisor D can be written in the form D = C 1 + C 2 + . . .+ C l , where the C i are irreducible and form a basis of a proper subspace of the rational Néron-Severi vector space NS(X) ⊗ Q. In particular, we have l < dim Q (NS(X) ⊗ Q).
Curves with negative self intersection and their fundamental groups.
On the one hand, the Lefschetz hyperplane theorem (see [15] or Theorem 1.1 in [13] ) tells us, that any smooth ample divisor H ι / / X defines an surjection π 1 (H) ι * / / / / π 1 (X) .
Loosely, we may interpret a positive self intersection C 2 as implying that the image of π 1 (C) in π 1 (X) is big. On the other hand, any negative divisor C on X is contractible. Unfortunately, the corresponding morphism π 1 (C) → π 1 (X) needs not to be trivial. Here are some examples of this:
Example 1. Let X be the surface obtained by blowing up the product P 1 × C in a point, where C is a curve of positive genus. Then X contains a curveC isomorphic to C of self intersection −1. However, the corresponding morphism π 1 (C) → π 1 (X) is a (nontrivial) isomorphism. Example 2. Consider the projectivization X = P(O C ⊕ O C (n · P )) of a sum of two line bundles on a curve C of positive genus. Here P is a geometric point of C and n is a positive integer. It contains a unique curveC of self intersection −n which is isomorphic to C. The resulting map of fundamental groups gives isomorphisms π 1 (C) ∼ / / π 1 (X) ∼ / / π 1 (C) .
Example 3. Let C be an algebraic curve of genus g C ≥ 2, then the diagonal ∆ in the product C × C has self intersection 2 − 2g C . The corresponding morphism of fundamental groups is nothing but the diagonal embedding π 1 (C) → π 1 (C) × π 1 (C). (More generally, we could consider embeddings of a curve C in the product D 1 × D 2 of two algebraic curves.)
5.4
Curves C with C.L = 0. However, if C is a rational negative curve, or more generally a tree of rational curves, then the fundamental group π 1 (C) is trivial. Thus, the generalized Albanese morphisms X albr / / _ _ _ Alb(X) should contract these curves. This perception is true, because stable vector bundles with numerically trivial Chern classes can be equipped with a flat metric by the theorem of Uhlenbeck and Yau ( [19] ). Thus, they correspond to representations of the fundamental group. Consequently L.C = 0, for any tree C of rational curves (contractible or not). The same argument yields that L.C = 0 for any curve C in X such that the corresponding morphisms Hom(π 1 (X), U(r)) → Hom(π 1 (C), U(r)) of fundamental groups has a finite image up to conjugation.
5.5
If X is an algebraic surface, the argument of 3.9 yields that E C is a vector bundle. This means the set q(Z) in Theorem 3.11 is empty, which is equivalent to the statement that L is nef. L being a nef divisor is the limit of ample divisors (with rational coefficients) which yields c 1 (L) 2 ≥ 0. If for all curves C in X the intersection number c 1 (L).C = 0, then L is numerically equivalent to O X and we see that the morphism φ L is the structure morphism X → Spec(C). Thus, we may assume that there exists a curve C in X with c 1 (L).C > 0. This implies c 1 (L).H > 0, for all ample divisors H. We will make use of the 5.6 Lemma. Let (X, H) be a polarized projective surface. As usual, we denote by ρ the Picard number of X which is the rank of the Néron-Severi group NS(X). If L is a nef line bundle on X which is not numerically trivial, then the number of irreducible curves C satisfying C 2 < 0, and C.L = 0 can not exceed ρ 2 4 . Proof: We will divide the proof in steps. First let us fix the notation. Since L is nontrivial and nef, the intersection NE L=0 (X) = {D ∈ NE(X) | D.L = 0} of the effective cone NE(X) ⊂ NS(X) ⊗ Q with the orthogonal hyperplane to L is contained in the boundary ∂NE(X) of the effective cone. Thus, let V = {C 1 , C 2 , . . .} be the (possibly infinite) set of irreducible curves on X satisfying C 2 i < 0, and C.L = 0. By definition these are points in NE L=0 (X).
Step 1: Nonpositive self intersections. Any nontrivial linear combination D = l i=1 α i C i with α i ≥ 0 is contained in NE L=0 (X) and satisfies D.H > 0. Thus, if D 2 were positive, then the divisor D would be in the interior of NE(X) (see Lemma 4.3 in [5] ). Since this is a contradiction, we have D 2 ≤ 0.
Step 2: Linear relations. If we take ρ different curves, say C 1 , . . . , C ρ , of V , then there exists a nontrivial linear relation. This relation may (after permuting indices) be written
with all α i > 0, and m ≥ 0 the number of zero coefficients in the linear relation. We have seen in the first step that A 2 ≤ 0. On the other hand, the support of A and B consists of different divisors, which implies A.B ≥ 0. This implies A.B = A 2 = B 2 = 0 and eventually the following three statements:
(1) C i .C j = 0 whenever i ≤ l, and l + 1 ≤ j ≤ ρ − m;
(2) There exists a pair (i, j) of integers with 1 ≤ i < j ≤ l such that C i .C j > 0;
(3) There exists a pair (i, j) of integers with l + 1 ≤ i < j ≤ ρ − m such that C i .C j > 0; Suppose now that m > 0. From step 1 we know that (
has to be less than or equal to zero for all ε ≥ 0. This implies that C i .C ρ = 0, for all i = 1, . . . , l. An analogous consideration of (B + ε · C ρ ) 2 yields the fourth statement: (4) If m > 0, then C i .C j = 0 whenever i ≤ ρ − m, and ρ − m < j ≤ ρ.
Step 3: Translation to a problem in graph theory. We consider the graph Γ with vertex set V . Two vertices C i and C j are adjacent, iff C i .C j > 0. We have seen in the second step that this graph fulfills the following condition (*): Any subset M ⊂ V with exactly ρ elements can be separated into three disjoint subsets M = M ′ ∪ M ′′ ∪ M ′′′ such that:
(1) There exists no adjacency between the three sets M ′ , M ′′ , and M ′′′ ;
(2) There exists an adjacent pair of vertices in M ′ , as well as in M ′′ .
Step 4: Any graph Γ satisfying (*) has at most ρ 2 4 vertices. Let a be the number of connected components of the graph, and b the maximal number of vertices in a connected component. Suppose the inequality a + b > ρ were true, then we could find a subset M of the vertices by taking a vertices of one connected component and (ρ−a) vertices of different connected components. This set M would contradict our condition (*). Consequently, a + b ≤ ρ holds. Since the number of vertices is bounded above by a · b, the statement of the lemma is true.
When dealing with curves C which are trivial with respect to L we may therefore assume that C 2 ≥ 0. As seen above, this excludes only a finite number of irreducible curves.
Let us discuss what can be said about the generalized Albanese morphisms which are dependent on the positivity of L 2 .
5.7
The case when L 2 is positive. The Hodge index theorem (IV.2.15 in [1] ) asserts that for any effective divisor D the equation L.D > 0 holds, unless D 2 < 0. Thus, the set of all irreducible curves C i with C i .L = 0 is finite. If the union C of all these curves is projectively contractible, then we take this contraction to be the generalized Albanese morphism. Otherwise we just take the identity of X. Either way theorem 5.2 holds. If L 2 = 0, then the irregularity q of the surface X must also be taken into consideration.
5.8
The case when L 2 = 0, and q = 0. We consider the irreducible curves C with C 2 ≥ 0, and C.L = 0. Since L is not numerically trivial, the Hodge index theorem implies that C 2 = 0. Again by the Hodge index theorem, we find that these curves C i can not intersect each other. Thus, they behave like fibers. Indeed, if there are more than ρ − 1 of these curves, then we find (as in step 2 of the proof of 5.6) a linear combination l i=1 α i C i = ρ−m i=l+1 α i C i . After a suitable multiplication we may assume that all the α i are integers. Since q = 0 the line bundle
Choosing higher multiples of the α i , we may assume this torsion bundle to be trivial. We end up with a base point free linear system
Taking the Stein factorization of the corresponding morphism, we obtain a morphism alb r : X → Alb r (X) to a curve. For all fibers F we obviously have F.L = 0. Conversely, let C be an irreducible curve with C.L = 0. If C is not contracted to a point by alb r (X), then C.F > 0. This implies (C + nF ) 2 > 0, for n ≫ 0. However, this was excluded, because of (C + nF ).L = 0. If no linear relation among these curves C i exists, then we take alb r just to be the identity, and take the divisor D of theorem 5.2 to be the finite union of all irreducible curves C with C.L = 0.
5.9
The case when L 2 = 0, and q > 0. Since q is positive, the Albanese morphism alb 1 : X → Alb 1 (X) is nontrivial. The description of its fibers (2.4) tells us that all the curves C with L.C = 0 are fibers of alb 1 . Eventually, we obtain that in this case the generalized Albanese morphism is just the Stein factorization of the classical one. The arguments of 5.8 and 5.9 work whenever we have a linear relation between those curves C which satisfy C.L = 0. This justifies the last statement of Theorem 5.2.
5.10
Surfaces of Kodaira dimension less than 2. Let X be a projective algebraic surface of Kodaira dimension κ(X) ≤ 1. We assume that X is minimal. This is not a restriction as we have seen in 5.4. The next table gives the generalized Albanese morphism for these surfaces following the Enriques-Kodaira classification (see VI. in [1] ). The last two rows are perhaps the most interesting ones. They show that the generalized Albanese morphisms may reveal more of the surface than the classical one. We assume in these two rows that the surface X is not a product of two curves.
Enriques surfaces X → Spec(C) 0 K3 surfaces X → Spec(C) 0 tori X → X 0 hyperelliptic surfaces Alb 1 (X) is an elliptic curve, whereas Alb r (X) ∼ = X, for r > 1, see also §6. 1
properly elliptic surfaces Alb 1 (X) is an algebraic curve, and Alb r (X) ∼ = X, for r > 1.
6 An example 6.1 The group G. We consider the group G which as a set is Z 4 with group structure given by (a, b, c, d) 
The group G has the four generators g 0 = (1, 0, 0, 0), g 1 = (0, 1, 0, 0), g 2 = (0, 0, 1, 0), and g 3 = (0, 0, 0, 1) satisfying the six relations: g 0 g 1 = g 1 g 0 g 0 g 2 = g −1 2 g 0 g 0 g 3 = g −1 3 g 0 g 1 g 2 = g 2 g 1 g 1 g 3 = g 3 g 1 g 2 g 3 = g 3 g 2 .
G may be described as the semidirect product (Z 2 ) ⋉ (Z 2 ) where the homomorphism (Z 2 ) → Aut(Z 2 ) is given by (a, b) → (−1) a id Z 2 .
6.2 Characters of G. It is easy to check that the commutator subgroup [G, G] is generated by g 2 2 and g 2 3 . Thus, we obtain G/[G, G] ∼ = Z 2 ⊕ (Z/2Z) 2 . Consequently, each group of homomorphism τ : G → C * must send g 2 and g 3 to ±1. Thus, in a continuous family τ t of such morphisms the images of g 2 and g 3 are locally constant. We conclude that there are four families of U(1)-representations of G. One is given by τ t 1 ,t 2 (g 0 ) = exp(t 1 · i) τ t 1 ,t 2 (g 1 ) = exp(t 2 · i) τ t 1 ,t 2 (g 2 ) ≡ 1 ≡ τ t 1 ,t 2 (g 3 ) with (t 1 , t 2 ) ∈ (R/2πZ) 2 . The other three representations of G in U(1) are obtained by changing the image of g 2 or g 3 to −1.
6.3 A family of SU(2)-representations of G. We consider the following family of representations of ρ t 1 ,t 2 : G → SU(2) parametrized by the torus (R/2πZ) 2 .
It is obvious that the images of ρ t 1 ,t 2 and ρ t ′ 1 ,t ′ 2 are not conjugated unless t ′ 1 = ±t 1 and t ′ 2 = ±t 2 . 6.4 G is the fundamental group of a hyperelliptic surface. We consider two elliptic curves (E 1 , 0) and (E 2 , 0) with a nonzero two-torsion point e 1 ∈ E 1 . The fix point free action of Z/2Z on E 1 × E 2 generated by (z 1 , z 2 ) → (z 1 + e 1 , −z 2 ) induces a smooth projective quotient X, and a 2 : 1 covering p : E 1 × E 2 → X. This X is a hyperelliptic surface (see [1] V.5). The fundamental group π 1 (X) is isomorphic to G and the commutative subgroup 2Z × Z 3 of index two corresponds to the cover p. Denoting the Z/2Z-quotient of E 1 by e 1 byĒ 1 , we obtain a morphism α : X →Ē 1 . The induced map on the first homology groups
is an isomorphism between the free parts whereas the torsion part of H 1 (X, Z) is mapped to zero. Thus, the morphism α is the Albanese morphism for the surface X.
Assumption:
Hom(E 1 , E 2 ) = 0. This assumption will simplify matters. It implies in particular that any line bundle L on the product E 1 × E 2 is of the form L 1 ⊠ L 2 . Furthermore, such a line bundle is ample, iff the degrees deg(L 1 ) and deg(L 2 ) are both positive.
6.6
The generalized Albanese morphism alb 2 (X) differs from the ordinary Albanese morphism. Let L be the line bundle "defining" the generalized Albanese morphism alb 2 (X). As mentioned in 6.5 we can write p * L ∼ = L 1 ⊠ L 2 . The almost embedding U(1) → SU(2) defined by g → g 0 0 g −1 and the U(1) representation τ of 6.2 imply that deg(L 1 ) > 0. The representation ρ of 6.3 implies that the degree of L 2 is positive too. Thus, the line bundle L really defines a morphism alb 2 : X → Alb 2 (X) which has to be an isomorphism. On the other hand, the classical Albanese variety has only dimension one.
